HEAT CONDUCTION IN AN INFINITE COMPOSITE SOLID
-~ .© 'WITH AN INTERFACE RESISTANCE -
W. A. MERSMAN

1. Introduction. The purpose of this paper is to solve the problem of one-
dimensional heat conduction in a body composed of two plane-boundary
semi-infinite homogeneous solids of different materials in “imperfect contact”
along their interface. (“Imperfect contact” is defined by equation (4) below.)
The Laplace transformation method is used both in discovering and in rigor-
ously establishing the solution, by means of the inversion theorems of
Churchill and Doetsch(!). The question of uniqueness is not considered here.

2. The boundary value problem. Let ¢ denote time, x the perpendicular
distance from the interface, a, and %, the thermal diffusivities and conductivi-
ties, respectively, of the two materials, and A the interface resistance(?).
Throughout, f(x) is a known function, integrable over any finite interval,
such that ;

|fx)| < aexp B x]),

where o and 8 are non-negative constants. If U(x, ¢) is the temperature, we
have the following boundary value problem(?):

aU U
(1) -_— = a, ) t> 0, x # O,
ot dx? ‘
(2) lim U(x, ) = f(x), x # 0,
—0
X aU . U
(3) lim kl——‘ = lim kz—" t > 0,
z——0 O0Xx z—+0 0%
104
4) U+ 0,8) — U(—0,f) = lim\k,—> t> 0.
-0 dx

The constants, a,, k,, and X are all assumed to be greater than zero.

Presented to the Society, April 11, 1942; received by the editors November 22, 1941.

() Cf. Churchill, The solution of linear boundary-value problems in physics by means of the
Laplace transformation. Part 1. A theory for establishing a solution in the form of an integral, for
problems with vanishing initial conditions, Math. Ann. vol. 114 (1937) pp. 591-613. This paper
will be designated by [C].

Cf. Doetsch, Theorie und Anwendung der Laplace Transformation, Berlin, 1937. This book
will be designated by [D].

(3) Cf. Riemann-Weber, Die Partiellen Differential-Gleichungen der Mathematischen Physik,
5th edition, 1912, vol. 2 pp. 85, 100.

(3) Throughout, »=1 if x<0, »=2 if x>0.
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Define ®,(¢) as follows:
®) 0ut) = U(= 0,8,  2:() = U+ 0,9, . t>0.

Then the solution can be written by means of ®in the well known form(4)

(6) Uls, ) = V(e ) + f 0,0t — D¥(xarl, B, 6> 0,
where o o

) W(z, i) = x exp (— x/46)/2(x)2,

®) Vi(x, 8) = —l—fo f® {®(lx — fa) — Q(x + £alt)}d£,A > 0,
© 0 1) = (n)-:; exp (= a/40),

and V, is obtamed from V1 upon replacmg a: by a, and mtegratmg from 0
to + .

Equations (3)—(6) now give two simultaneous mtegral equatlons for the
urknown functions ®,(t). These will be solved by the method of the Laplace
transformation.

- 3. The transformed problem and its solutlon Throughout we use the
singly-infinite Laplace transformation:

L{ U(x, t)} = fwe"”U(x, tdt = u(x, s).

For the sake of definiteness let s be any complex number whose real part is
greater than 32832 Denoting the transforms of U, V, and so on, by #, v, and
so on, respectively, the transforms of equations (3), (4), (6), are:

' : du(x, s ~ du(x, s
3 lim k& (= 5) lim & ( );

z——0 dox - z—+0 ? ox
: . . du(x, s)
“) © @a(s) — ¢1(s) = lim Ak, ,
70 ox
61 u(x,5) = 6,(s) exp [ | x| (s/2)2] + ,(x, 9).
Eliminating ¢, from these equatlons we obtain the transformed solution :
(10) S u(x, 5) = y(x,5) + w(x,5)

(%) Cf. H. S. Carslaw, The mathematical theory of the conduction of heat in solids, 2d edi-
tion, London, 1921, §§18, 23.
(%) The first term of the right member is obtained by the “Faltung” rule. Cf. [D, chap. 8].
For the specific transformations used, see the table in [D, Appendix 2].
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where
(a9 = [ia/ada + B ™ [ 100
(11) cexp [~ 12| garti? — xar'?| Jdg
— (@)1 f 1) e [ | = + ¢ (s/ao"’]dz}, x <0,
(12) A = kart? + kza;:”, B = \kiky(a1a9)712,
ay A9 = [1/2(ai)12] f_:f(f){exp [= ==& (s/a)v]
+ exp [— | « + £] (s/a0)'2]} a8, x <0,

and ¥z, w. are obtained from y,, wy, respectively, upon interchanging the sub-
scripts 1 and 2 and the integrals g and [°..

4. The inversion problem. It is easily seen that the operations d/dx and
lim,_, are interchangeable with the integrations in (11) and (13), and hence
that (10) is an actual solution of the boundary value problem (3’) and (4’).
To show that the inverse Laplace transform of u(x, s) exists and is a solution
of the original boundary value problem, we use the inversion theorems of
Doetsch and Churchill. For the inverse we use the notation:

1 vy+wi
L{u(z,s)} = lim — et*u(x, s)ds;

w—=w 2L J y_wi

that is, L~! always means this particular form of the inverse, whether or
not it is true that u(x, s) =L {L'[u(x, 5)]}. Throughout, v >3282, R(s'/?) 20.

Note that y and w are composed of two types of integrals, according as x
and £ have the same or opposite signs. It is sufficiently general to consider

the following:

(14) o=, 5) = s—lfmf(é) exp [— (x + ©)s'/2]ag, x 20,

(15) g(x,5) = “/2f f(¢) exp [— | x — £ st2]d, x=0.
0
We begin with some ineqhalities. Noting that |ef| =exp [R(¢)] and that
R(sV2) = [(R(s)+ I sI )/2]Y2, the following are easily obtained:
(16) | sna(x, )| < 2%7%| s|**2 exp [~ (] 5| /2)12], nz0.
o7g(x, )
dx™

< 3a(2)!28z | 5 |-1nre, n=0,1.

an
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"J oo exp [is — | £ — ] st2]fc@) | dt
(18) . < 28/% | s|-1+n12 exp [ty — fx(l si/2)1/2/4]’
vy=R(s), 5#>4x20, n=0, 1.
By means of these inequalities the following lemmas can be proved:
LEMMA 1. If 0<x;<x<x, O0St<t), n=0, 1, then L—{s"s(x, s)} and
L-1{9%(x, 5)/0x?} exist and converge uniformly in x and t.
This follows immediately from inequality (16).
LeMMA 2. If 0Sx=x, 0<t =t =ls, then
L{g(x, 5)}
exists and converges uniformly in x and t.

Proof. We wish to show that, given any €>0, there exists an 2(¢), inde-
pendent of x and ¢ such that, if wa>w; > Q, then

vyt

y—w,;
f et*g(x, s)ds + et*g(x, s)ds | < e

Y—waf Y+w, s

By equation (15) and inequality (18), the order of integration can be inverted.
Hence, consider

fwf(g) f -y-e.'s__uz exp [ts - ‘ £ — xl s12)dsdg
0 Y—wgei

o y+wgi
+f 1® sz exp [ts — | £ — x| s'2]dsd¥|.
]

v+w,§

Since the integrands are analytic in s, the integrations on s can be carried
out over the contour Cy+ Cy+ Cs+ Ci+ Cs+ Cs, where the C’s are straight line
segments with end points as follows: Ciiy—ws, —wsi; Coi —wel, —wi;
Cs: —wii, ¥ —wit; City+wid, wit; Cs: wit, wet; Cot wet, ¥+wst.

The contribution of C; is

L7150 [ = wni v exp e — toni = | £ = 5] ¢ = wniy¥2Jigat,

which is less in absolute value than
3a(2)t/2etr+bzy

f a2 exp [BE + 1y — | £ — x| (Q/2)1/2]ydt < P
0

A similar proof shows that the total contribution of Ci1+4 Cs+ Ci+Ce is less
than
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12ary(2) V2t rH8
N Q ' i

which approachés zero as Q approaches infinity, uniformly in x and ¢.
.Finally, the contributions of C; and Cs can be combined to give

f f(E)f exp [— | € — x| (n/2)v?]
-cos [t — (w/4) —|&- xl (n/2)”’]n“”2dnd£

Split the range of integration at £=#;>2x;. The contribution of the integral
from £ to « is less in absolute value than .

2 [t [Tyt exp [ gn/2)0e/2)andt
& wy . L . )
On makit_ag.the, change of variable n=8§‘2$‘? this is found tovbe;.les's than

8a(2)'/? E“ exp [ﬂE - 2(9/2)”2/21115

&

If Q> 842 this ‘inte‘gral converges, and hence can be made less than e by
a suitable choice of El Choose such a &; and let it remam fixed.
" 'We have remaining the integral from 0 to &:

& wg
f f(E)f 72 exp [— | £ — x| (n/2)12]
0 Wy

-cos [tn — (x/4) — | £ — x| (n/2)1/2]dnd.
On makmg the eubstltutlon

()12 — | £= x| /2(2t)112 =

and using the addmon formula for the cosme, thlS is seen to be less in absolute
value than : v : :

& |
212 fo J® exp [= (& = #)*/4¢] cos [(x/4) + (¢ — #)*/81]

1

oY
[ exp [ gl — =] /207) cos srazag

plus the samé.expi‘éésion with cos replaced by sin, where
. = (¥ ~ | £ = | /202017, n=1,2

By the second mean- value theorem thls is equal to
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& L
2102 f f®) exp [— | £ — x| (@/2)'2] cos [(x/8)+ (= 9%/81]

0
&3
. f cos g"'d{dgl
¢

(19)

plus the same expressxon with cos replaced by sin, and {1 S <¢e. 7

But the integrals [ sin {2d{ and fo cos {2d¢ converge; hence there is a posn-

tive number M such that . : . . we .
ﬁ

for any values of {1, {3. Thus the expression (19) is less than

\f zcosg"‘d{l <M >
‘s .

sin fzdg‘ l

1

4Mt—1/2 f | f® | exp [— | £ - xI (w1/2)”2]d£

On splitting the range of mtegratlon at £=x. thls is seen to be less than
_ 1202 &/ (tﬂ)‘“ . y ey
whlch approaches zero.ds 9 approaches mﬁmty, umformly in'x and t, q e. d

LEMMA 3. If 0Sx<i), 0<ti <t =<t then L' {8g(x, 5) /ax} exists and con-
verges uniformly in x and t. RIS A e

- Proof.: Using the method and notation of the proof of Lemma 2, itis eas11y
found that the contnbu,tion of Ci+Cs+Cet Co islessin- absolute value than

12a—ye“'+"‘(2/9)”2 L
Similarly, the contribution of C.+Cs over the range fl<$< ® is less than
96ati! exp [— 51(9/ 2)” 2/4].

Choose a fixed £ such that this is less than €. Then we have remaining the
expression

2%t f FGIE f ‘exp [— £ — x| {r 4+ — x| /220 2} f20)22).;

1

cos fer — (& = )2/8e]- [¢ + | & = x| /2(20)12]d | k.

By theans of the last bracket this can be separated mto two terms, the sec0nd
of which, as in the proof of Lemma 2; is less than
12aME1e82(2/83Q) 12,

This leaves: T M o
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& 5

2t [ "ot | e = 1€ = 2l {1+ 16 = 2| 2200} 2000
0 £

-cos [¢2 — (¢ — x)?/8t]¢ds |dE.

Iﬁtegrating by parts with respect to { gives

&
at“j: e’f{exp [- I £E— x| (w2/2)12] + exp [— | £ - x| (w1/2)1/2]}d£
& 1)
+ a2 -1.'2f ot |f |6 — x|exp [~ | & — x| {¢ +|&— | /22001 2} /(29)17]
(] £ )

-sin [¢2 — (£ — %)%/8¢]d¢|dt,

which, as before, is less than ‘
6aef=-1(2/Q)112 4 6aMEe8=/(BQ)12,

which approaches zero as @ approaches infinity, uniformly in x and ¢, q.e.d.
The following can be proved by the same methods:

LEMMA 4. If0Sx=Sx, 0<t1 St <ty, n=0, 1, then L! {a"z(x, s)/&x"} exists
and converges uniformly in x and t.

Since |sg(x, s)l does not approach zero as |s| approaches infinity, the
Laplace transformation method cannot be used to establish the existence(®)
of 3G/3t and 9?G/dx2. This will be done by classical methods by means of
the following:

LEMMA 5. g(x, s) =L {G(x, 1) }, where

6x, 1 = [ 100 — & D,
[1]

and then G(x, t)=L-{g(x, s)}.
Proof. The substitution §=x+2{t"/? shows that

(20) j; i | /(©)O(x — &, 1) | dt < 2a exp [Bx + B%].

Hence L{G} exists and converges absolutely. By (20) the order of in-
tegration in L {G} can be inverted, giving(?)

(¢ Cf. [C, Theorem 6].
(%) Cf. [D, Appendix 2, table].
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LiG} = f:f(f)L{G(x — £ 0)}dE = g(x, ).

Hence, by [D, chap. 6, §5, Theorem 2], G is given by the inversion integral
L-{g}, qed.

Using these lemmas we are now in a position to establish the solution of
the original boundary value problem.

5. The solution established.

THEOREM 1. The function W,(x,t)=L"* {w»(x, s) } exists and has the follow-
ing properties:

(@) Wiz, )=(1/2)[2uf(O) {O(x—§, art) +O(x+£, art) |d¢ and W, is ob-
tained from W, upon replacing a, by a: and integrating from 0 to + =.

(b) W.(x, t) satisfies the differential equation (1).

(c) Wi.(x, t) satisfies the initial condition (2) at any point of continuity
of f(x).

(d) lim,.o 0W,/3x=0.

Proof. Equation (a) follows from Lemma 35, and the remainder of the
theorem is then easily proved by classical methods(®).

To obtain the complete solution of the problem it is now sufficient to
prove the following:

THEOREM 2. The function Y,(x, t) = L y,(x, s)} exists and has the follow-
ing properties:
(a) Y.(x,t) satisfies the differential equation (1).

(b) lim Y,(x, 8 =0, x 0.
-0
v, ay,
(C) lim 2y — = lim ky—) t>0.

z——0 0% z—+0 ax

(d) Y2(+0r t) + W2(+01 t) - Yl("'o’ t) - Wl(_o» t) = .—-»0

t>0.
dIx

Proof. Y, exists by Lemma 1.

(a) By Lemma 1 and inequality (16), Y, satisfies the hypotheses of [C,
Theorems 6 and 9]. Hence, if x>0, >0, 3Y,/0t=L"'{sy,}. But 4*7,/dx*
=L-1{d%,/dx}, and, since (11) can be differentiated inside the integral sign,

%y,
ox?

= a;'sy,, q.ed.

(b) By Lemma 1 and inequality (16) the hypotheses of [C, Theorem 4]
are satisfied, from which the result follows immediately.

(%) Cf. Carslaw, loc. cit., §§16-18 for a proof under more stringent conditions on f(x).
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(c) and (d) From equations (11) and (13) it 1s easily seen that
Iyi(x, s) R dya(z, s)
T = > ..

73) H | = lim &
@ RR = b
(22)  92(4+0, s) + wo(40, s) — y1(—0, ) - wl(—O;"S) 1’m)‘k a}:c;.

By Lemma (2) and inequality (17) w,(x, s) satlsﬁes the hypotheses of [C,
Theorem-8].. Hence W,(£0, £) = L—l{w,(+0 s)} t>0. :

By Lemma 4 and inequality (16), y.(x, s) and dy,/dx satlsfy the hy-
potheses(?) of [C Theorems 8 and 9] Hence Y,( 0, t) L- 1{y,(j:O s)} t>0
and S

61{'.‘“ _;..: ay.', R -
lim = [1J lim '}, t>0.
. z—t0 90X z~t0 0% s R
Hence conditions (c) and (d) follow from (21) and (22), q.e.d.

To summarlze, the solution of the boundary value problem (1)- (4) is
given by - . A

(10 | U(x, t)'= -W,(x, )+ Y,(x, t)

where
. 1 0 . -
(13) " Wi« 8) = ‘——f J®O{0(x — £ ait) + O(x + &, alt)}df, -

Wa(x, t) is obtained from Wl(x, t) upon replacing a; by a; and mtegratmg
from 0 to + «, @ is given by (9), and

ytwi

1 .
(23) Y.(x, t) = S e**y,(x,.s)ds,

w—®© 21!' y—wi

if ¥ > 3282 where y,(x, s) is given. by equations (11). A

6. Explicit forms of Y. In the preceding section the functlon Y, (x, t) was
obtained as a complex inversion integral. We now develop two ‘more practical
formulas. - : :

THEOREM 3 Y (x, t) 1s gwen by the followmg formulas

Vi ) = bt [ —An{a-m f J©O(| g0t — war ] + By, Dt
(24) '
— ot f JOOBu + |« + . t)df}dﬂ, e<0<y,
(% Actually, in [C] it is assumed that dy(x, s)/0x= 0(|s|"1), but the weaker condition

6y/6x-0(| sI ~112) given by our mequallty (16), is suﬂic1ent as can be seen from an exarmnatlon
of Churchill’s proof.
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and Y, is obtained from Y, upon mterchangmg the subscripts 1 and 2 and the
integrals [fdEand [°.dE. -

Proof Note that in equations (11) each term is of th'e form

“ ﬂ%»-—mu+3w%3fﬂ9mﬂ—u+awm&'xSQ
Since (4-+BsV8)1= [* exp [— (4 +Bs'2)pu]du, we can write
@5 ) = f o f SO exp [~ (& -+ £+ By deda.

By Lemma 1 J (x, t) L{j(x, 5)} exists. Hence, to prove the present theo-
rem it is sufficient to show that the integration on s can be performed inside
the inner integral in (25). This will be done in two steps.

First we show that the integrations on u and s can be inverted. It is suffi-
cient to prove that(w)

(26) lim " e“""e“f sTU2f(§) exp [— (x + £ + Bu)s'/?]dtdp
0 - .

B 0

converges uniformly in s, and

w—r® r—wi

+wi ©
@0 dim [ emmen [Tt exp [ (a o+ &+ Buystelaeds
e

converges uniformly in p.
To prove (26) note that the absolute value of the integral from u; to «
is less than

(28) f e—Angtr23/2y l s ]—1 exp [___ (x + Bu)( I s | /2)1/2]d;l.
43
by inequality (16), with #=1/2 and « replaced by x+Bp. But (28) is less than
sl exp [ x|l 2] exp [= {4+ B o] /2]
A+ B(|s| /2w ’

which obviously approaches zero as u; approaches infinity, uniformly in s.
To prove (27), the absolute value of the double integral is less than

+003 :
[T a5 e 1= | /2
Y—oot

by inequality (16). But this converges and is independent of u, q.e.d. Hence

(19) Cf. Pierpont, Theory of functions of real variables, 1905, vol. 1 p. 489 §680.3.
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© 1 ytwi o
J(x, ) = f ¢~4 lim - — gtesTH f J® exp [— (= + & + Bu)s'*]dtdsdp.
0 w—w LTI i 0

Now, by a proof similar to that of Lemma 5, or by inequalities (16) and
(18), the inversion of the integrations on £ and s can be justified. Therefore

J(x,8) = f e““f FEL s V2 exp [— (x + £ + Bu)s'/2]}dtdp.
[} [}
But the inner integral is well known(*!). Hence,
s = [Tem 108 + £+ Bu ditdu, ged.
0 (]

Another form of Y is given by the following

THEOREM 4.

Yi(z, t) = (k,/Bagl/’)f‘exp [A”(t - r)B"]
'{'a{"’ f wf(E)‘I'(Eaz‘”’ — xai1?, r)dE
g
(29) +are [ f@u(ls + Elar, it
= (4/Ba) [ 7o = wart, r)it

0
+a5 [ f08G+4, a;r)dz}dr. £ <0<,

and Yi(x, t) is oblained from Yi(x, t) on interchanging subscripts 1 and 2 and
the integrals g and [° ..

Proof. On observing that (44 BsV%)~1=(s—A2B-%)~![sV/2B-1—AB-%],
and that L~1{(s —A2B-?)-1} =exp [A%B~?], the result follows immediately
from the “Faltung theorem(!?)” since all the Laplace transformations con-
cerned are absolutely convergent. (Compare the proof of Lemma 5 above.)

UNIVERSITY OF CALIFORNIA, .
Davis, CALIF.

(1) Cf. [D, Appendix 2, table].
() Cf. [D, chap. 8. §5, Theorem IV}, ).



